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Abstract. We show that topological amenability of an action of a countable discrete group on a 
compact space is equivalent to the existence of an invariant mean for the action. We prove also that 
this is equivalent to vanishing of bounded cohomology for a class of Banach G-modules associated 
to the action, as well as to vanishing of a specific cohomology class. In the case when the compact 
space is a point our result reduces to a classic theorem of B.E. Johnson characterising amenability 
of groups. In the case when the compact space is the Stone-Cech compactification of the group we 
obtain a cohomological characterisation of exactness for the group, answering a question of Higson. 



1. Introduction 

An invariant mean on a countable discrete group G is a positive linear functional on f °° ( G ) which 
is normalised by the requirement that it pairs with the constant function 1 to give 1 , and which is 
fixed by the natural action of G on the space £°°(G)*. A group is said to be amenable if it admits 
an invariant mean. The notion of an amenable action of a group on a topological space, studied 
by Anantharaman-Delaroche and Renault HI, generalises the concept of amenability, and arises 
naturally in many areas of mathematics. For example, a group acts amenably on a point if and only 
if it is amenable, while every hyperbolic group acts amenably on its Gromov boundary. 

In this paper we introduce the notion of an invariant mean for a topological action and prove that 
the existence of such a mean characterises amenability of the action. Moreover, we use the exis- 
tence of the mean to prove vanishing of bounded cohomology of G with coefficients in a suitable 
class of Banach G modules, and conversely we prove that vanishing of these cohomology groups 
characterises amenability of the action. This generalises the results of Johnson 161 on bounded 
cohomology for amenable groups. 



Another generalisation of amenability, this time for metric spaces, was given by Yu IITOll with 
the definition of property A. Higson and Roe ||7| proved a remarkable result that unifies the two 
approaches: A finitely generated discrete group G (regarded as a metric space) has Yu's property 
A if and only if the action of G on its Stone-Cech compactification (3 G is topologically amenable, 
and this is true if and only if G acts amenably on any compact space. Ozawa proved lH that such 
groups are exact, and indeed property A and exactness are equivalent for countable discrete groups 
equipped with a proper left-invariant metric. 
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To generalise the concept of invaiiant mean to the context of a topological action, we introduce 
a Banach G-module Wo(G,X) which is an analogue of ^\G), encoding both the group and the 
space on which it acts. Taking the dual and double dual of this space we obtain analogues of l°°[G) 
and £°°(G)*. A mean for the action is an element ]x € Wo(G,X)** satisfying the normalisation 
condition ]x[n) = 1 , where the element 7t is a summation operator, coiTcsponding to the pairing of 
€^ (G) with the constant function 1 in £°°(G). A mean \x is said to be invariant if ]x[g ■ (p) = ]x[(p] 
for every cp G Wo(G,X)*, (Definition [l3]l. 

With these notions in place we give the following very natural characterisation of amenable ac- 
tions. 

Theorem A. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorjf topological space X. The action is amenable if and only if there exists an invariant mean for 
the action. 

We then turn to the question of a cohomological characterisation of amenable actions. Given an 
action of a countable discrete group G on a compact space X by homeomorphisms we introduce a 
submodule No(G, X) of Wo(G, X) associated to the action and which is analogous to the submod- 
ule i]^[G) of l^[G] consisting of all functions of sum 0. Indeed when X is a point these modules 
coincide. We also define a cohomology class [J] , called the Johnson class of the action, which lives 
in the first bounded cohomology group of G with coefficients in the module No(G, X)**. We have 
the following theorem. 

Theorem B. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorff topological space X. Then the following are equivalent 

(1) Tlie action ofG on X is topologically amenable. 

(2) The class [J] € HJ,(G, No(G, X)**) is trivial. 

(3) H^(G,£*) = 0/orp > 1 and every f -geometric G-C(X) module £. 

The definition of £^ -geometric G-C(X) module is given in Section ??. When X is a point our 
theorem reduces to Johnson's celebrated characterisation of amenability ||6l. As a corollary we 
also obtain a cohomological chai^acterisation of exactness for discrete groups, which answers a 
question of Higson, and which follows from our main result when X is the Stone-Cech compacti- 
fication |3G of the group G. In this case, C((3G) can be identified with £°°(G), and we obtain the 
following. 

Corollary. Let G be a countable discrete group. Then the following are equivalent. 

(1) The group G is exact; 

(2) The Johnson class [J] S HJ,(G,No(G, |3G)**) is trivial; 

(3) H^(G, £*) = forp > 1 and every f -geometric G-l°° [G)-module £. 



AMENABLE ACTIONS, INVARIANT MEANS AND BOUNDED COHOMOLOGY 



3 



This paper builds on the cohomological characterisation of property A developed in 131 and on the 
study of cohomological properties of exactness in Q. 

2. Geometric Banach modules 

Let C(X) denote the space of real-valued continuous functions on X. For a function f : G — > C(X) 
we shall denote by f g the continuous function on X obtained by evaluating f at g G G . We define 
the sup — norm of f to be 

||f||oo,l = SUp^ |fg(x)|, 

and denote by V the Banach space of all functions on G with values in C(X) that have finite norm. 
We introduce a Banach G -module associated to the action. 

Definition 1. Let Woo(G, X) be the subspace of\ consisting of all functions f : G — ) C(X) which 
have finite support and such that for some c G M, depending on f, ^ggc ~ '-^x. where ^x 
denotes the constant function 1 on X. The closure of this space in the sup —l^ -norm will be denoted 
Wo(G,X). 

Let 7r : Woo(G, X) — > Rbe definedby ^g^^ fg =7r(f)lx. The map 7t is continuous with respect to 
the sup —l^ norm and so extends to the closure Wq ( G , X) ; we denote its kernel by N o ( G , X) . 

In the case of X = (3G and C((3G) = £°°(G) the space Wo(G, |3G) was introduced in lH. For 
every g € G we define the function 5g £ Woo(G,X) by 5g(li) = 1x when g = h, and zero 
otherwise. 

The G-action on X gives an isometric action of G on C(X) in the usual way: for g € G and 
f G C(X), we have (g • f)(x) = f (g^^x). The group G also acts isometrically on the space V in a 
natural way: for g,h G G,f G V,x G X, we have (gf)h(x) = fg-iH(g^^'<^) = (g •fg-ih)('')- 

Since the summation map n is G-equi variant (we assume that the action of G on R is trivial) the 
action of G restricts to Woo(G, X) and so by continuity it restricts to Wo(G, X). We obtain a short 
exact sequence of G-vector spaces: 

^ No(G,X) ^ Wo(G,X) ^ M ^ 0. 

Definition 2. Let E, be a Banach space. We say that £ is a C[X] -module if it is equipped with a 
contractive unital representation of the Banach algebra C(X). 

IfX is a G-space then a C[X]-module £ is said to be a G-C[X)-module if the group G acts on £ 
by isometrics and the representation ofC[X) is G-equivariant. 

Note that the fact that we will only ever consider unital representations of C(X) means that there 
is no confusion between multiplying by a scalar or by the corresponding constant function. For 
instance, for f G Wo(G, X) multiplication by 7r(f) agrees with multiplication by 7t(f)lx. 
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Example 3. The space V is a G-C(X)-module. Indeed, for every f G V and t G C(X) we define 
tf G V by (tf)g(x) = t(x)fg(x), for all gGG. This action is well-defined as ||tf||^^ < 
ll^lloo ll^lloo 1' ^^^^ ^1^° implies that the representation of C(X) on V is contractive. As remarked 
above, the group G acts isometrically on V. The representation of C(X) is cleai^ly unital and also 
equivariant, since for every g G G, f G V and t G C(X) 

(g(tf))KW = (tf]g-,H(g-^x) = t{g-\]fg-^^[g-'x) = (g • t)(x)(gf)K(x) 

Thus we have g(tf) = (g • t)(gf). 

The equi variance of the summation map n implies that both Wo(G,X) and No(G,X) are G- 
invariant subspaces of V. Note however, that Wo(G, X) is not invariant under the action of C(X) 
defined above, as for f G Wo(G, X) and t G C(X) we have 

^(tf)g(x) = ^ t(x)fg(x) = t(x) Y_ fgW = ct(x). 

gGG gGG gGG 

However, the same calculation shows that the subspace Noo(G, X) is invariant under the action of 
C(X), and so is a G-C(X)-module, and hence so is its closureNo (G, X]. 

Let £ be a G-C(X)-module, let £* be the Banach dual of £ and let (— , — ) be the pairing between 
the two spaces. The induced actions of G and C(X) on £* are defined as follows. For a G £*, 
g G G, f G C(X), and V G £ we let 

(ga,v) = (a,g"^v), (fa,v) = (a,fv). 

Note that the action of C(X) is well-defined since C(X) is commutative, it is easy to check the 
following. 

Lemma 4. If £, is a G-C[X)module, then so is S,*. 

We will now introduce a geometric condition on Banach modules which will play the role of an 
orthogonality condition. To motivate the definition that follows, let us note that if fi and are 
functions with disjoint supports on a space X then (assuming that the relevant norms are finite) the 
sup-norm satisfies the identity ||fi + fiWoo = sup{||fi H^^, HfiHoo)' while for the £^-norm we have 

||fi + fiWo = + W'^iWo ■ 

Definitions. Let 8, be a Banach space and a C[X]-module. Wesaythatv-i and vz in 8, are disjointly 
supported if there exist f i , fi G C(X) with disjoint supports such that f]V-\ = V] and fzVj = V2. 

We say that the module £ is -geometric if whenever v-\ andvi have disjoint supports, ||vi + V2II = 

STJ-P{||V1 II, ||V2||}. 

We say that the module £ is -geometric if for every two disjointly supported Vi and vi in £ 

||V1 +V2II = ||V1 II + ||V2||. 

If vi and V2 are disjointly supported elements of £ and fi and f2 are as in the definition, then 
fiV2 = fif2V2 = 0, and similarly f2Vi = 0. 
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Note also that the functions f i and fx can be chosen to be of norm one in the supremum norm 
on C(X). To see this, note that Tietze's extension theorem allows one to construct continuous 
functions f | , f 2 on X which are of norm one, have disjoint supports and such that f ■' takes the value 
1 on Supp fi . Then f-'4)t = (f(fi)4)i = ft4)| = (pi. Now replace with f-'. 

Finally, if fi , G C(X) have disjoint supports then, again by Tietze's extension theorem, fiVi and 
f2V2 are disjointly supported for all Vi , V2 € £. 

Lemma 6.1/8- is an -geometric module then £,* is -geometric. 

IfE is an -geometric module then £* is -geometric. 

Proof. Let us assume that 4^1,4)2 G £* are disjointly supported and let fi,f2 € C(X) be as in 
Definition 121 chosen to be of norm 1 . 

If £ is £^ -geometric, then for every vector v G £, ||fiv|| + ||f2v|| = ||(fi + f2)v|| < ||v||. Further- 
more, 

||4'l+452i|= sup 1(4)1 + 4)2, V)| = sup |(fl45l,v) + (f24)2,v)| 
||v||=l ||v||=l 

= sup 1(4)1, fiv) + (4)2,f2V)| 

IMI=i 

< ^SUp (114)1 ||||fiv|| + ||4)2||||f2v||) 

< SUp{||4)l II, 114^211} sup (||fiv|| + ||f2v||) 

IMI=i 

<SUp{||4)l II, 114^211) 
Since f 1 4)2 = we have that 

Il4>l|| = l|fl(45l +*2)|| < ||fl 1111*1 +*2|| = 11*1 +45211- 

Similarly, we have 11*211 ^ II *i + *2||> and the two estimates together ensure that ||4)i + *2|| = 
sup{||4)i II, ||*2||} as required. 

For the second statement, let us assume that £ is £°°-geometric and that *i , *2 G £* are disjointly 
supported. Then 

||*l|| + ||*2|| = sup (*1,Vi) + (4)2,V2) 
l|vi|M|V2|h1 

= sup (*l,flVi) + (4)2,f2V2) 

11^1 II,I|V2||=1 

= sup (*1 +4'2,flVl +f2V2) 
l|vi|M|V2|hl 

< sup 11*1 + *2||||flVl + f2V2|| 
11^1 II,I|V2||=1 

< 11*1 +*2|| < 11*1 II + ||*2||. 

where the last inequality is just the triangle inequality, so the inequalities are equalities throughout 

and 114)1 II + ||*2|| = 11*1 + *2|| as required. □ 
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We have akeady established that No(G,X) is a G-C(X) -module. Let cj)^ and cj)^ be disjointly 
supported elements of No(G,X); this means that there exist disjointly supported functions fi and 
f2 in C(X) such that (p^ = fiCp^ for I = 1 , 2. Then 

11*^ +*'llool = ||fl*^ +f2*'|| =SUp>" |fi(x)4);(x)+f2W4)J(x)| 

We note that the two terms on the right are disjointly supported functions on X and so 

II*' +*'lloo,l =SUP f }^|fl(x)ct);(x)| + }^|f2(x)c|32g(x)| I = SUp( || || ^ ^ , || l^^i ) . 

VgeG gsG / 

Thus we obtain 

Lemma?. The module No{G,X) is -geometric. Hence the dual No[G,X]* is -geometric and 
the double dual No(G,X)** is l°°-geometric. 

We now assume that £ is an £^ -geometric C(X)-module, so that its dual £* is -geometric. 

Lemma 8. Let fi,f2 G C(X) be non-negative functions such that f i + f2 < Ix- Then for every 
4)1,4)2 e£* 

||fi4>i +f24)2|| < sup{||4)i II, ||4)2||}. 

Proof Let M G N and £ = 1 /M. For i = 1,2 define fi^o = minlfi,, e}, ftj = minlfi, — ft^o, £}, 
fi,2 = min{fi - fi,o - fi,i , £}, and so on, to fi,M-i ■ 

Then fi,j(x] = iff fi(x) < je, so ftj > iff fi(x) > je which implies that Suppftj C 
frl([je,'oo)). So for j > 2, Supp(fi,j) C f7i([je,oo)) and Suppf2,M+n ^ f-i([(M+l - 
j]e,oo)). 

If X e Supp(fij) n Supp(f2,M+i-j) then l>fi(x] + f2(x] > je + (M + 1 - j)e = 1 + e, so the 
two supports Supp(fi j),Supp(f2,M+i-j) are disjoint. 

We have that 

M-l 

fi =fi,o + fi,i + Y. ^'I'i 

j=2 
M-l 

h = f2,0 + f2,l + ^ f2,M+l-j- 
j=2 
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So using the fact that ||fi,jct)i + f2,M+i-j4>2|| < sup{||fi,j4)i ||, ||f2,M+i-j452||} < e sup^ llct^ill we 
have the following estimate: 

M 

||flCt)i +f2Ct)2|| < ||(fl,0+fl,l)4)l|| + IKf2,0+f2,l)ct)2|| + Xl|fl,j4)i +f2,M+n4)2|| 

j=2 

M-1 

< 4esup + ^ esup ||4)i|| 
= (4£ + (M-2)£)sup||4)i|| 

i 

= (1 +2£)sup||4)i||. 

i 

□ 

Lemma9. Leth,...Ju G C(X), A > 0, Xa=) ft < 1x, 4)i,...,cf)N G £*■ 
Then ||Ltfi4)i|| < supi^^ ^^^ 

Proof. We proceed by induction. Assume that the statement is true for some N. Then let fo, f i , . . . , fw G 
C(X), ft > 0, Zt, A < Ix, and let <i>oA^, ■ ■ ■ An £*■ 

Let f { = fo + f 1 and leave the other functions unchanged. For 6 > let 



Since we clearly have 



fo + f 1 + 6 fo + f 1 + 6 
by the previous lemma we have that 5II < sup{||4)o||, ||4)i ||}, and so by induction 

||fl'*l',6 + fl*! + • • • + fNC^Nll < SUp{||(l)i'^5||, 114)211, ||4)N ||} < SUp \\<Pi\\. 

i=0,...,N 

Consider now 

^^1'^ fo + fi+6^°^°^^^^ fo + fi+6^° fo + fi+5^^ 
We note that for t = 0, 1 

^. _ (fo + fi)fi ^ 5ft ^ ^ 
' fo + f 1 + 5 fo + f 1 + 5 - 

and so ^f°^^^^^ converges to f^ uniformly on X, as 5 — > 0, which implies that f j4)i' § converges to 
fo4)o + fi 4)1 in norm, and the lemma follows. □ 
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Lemma 10. Iff] , . . . , fN € C(X) (we do not assume that fi > Oj are such that l^il ^ Ix and 
4)1 , ... , (j^N S £* then 



l^fic^ill < 2^ sup ||4)i| 



i=l 



Proof. If A = - fr, then |fd = f + + f r and L + L < 1 ■ 
Then by the previous lemma fi^4'i|| < sup^^^ ^ so 

f,+ct)i- )~ frct)i|| <2 sup ||ct)i| 

1=1,... ,N 



□ 



3. Amenable actions and invariant means 

In this section we will recall the definition of a topologically amenable action and characterise it in 
terms of the existence of a certain averaging operator. For our purposes the following definition, 
adapted from lH Definition 4.3.1] is convenient. 

Definition 11. The action ofGonX is amenable if and only if there exists a sequence of elements 
f^ G Woo(G, X) such that 

(1) fg > in C[X)for every n eN and g£G, 

(2) 7x[f^) = 1 for every n, 

(3) for each g e G we have ||f"^ — gf"^||v 0- 

Note that when X is a point the above conditions reduce to the definition of amenability of G. On 
the other hand, if X = |3G, the Stone-Cech compactification of G then amenability of the natural 
action of G on X is equivalent to Yu's property A by a result of Higson and Roe Q. 

Remark 12. In the above definition we may omit condition 1 at no cost, since given a sequence of 
functions satisfying conditions 2 and 3 we can make them positive by replacing each fg (x) by 

If^(x)| 



L [fi;(x)i 

heG 



Conditions 1 and 2 are now clear, while condition 3 follows from standard estimates (see e.g. lH 
Lemma 4.9]). 



The first definition of amenability of a group G given by von Neumann was in terms of the existence 
of an invariant mean on the group. The following definition gives a version of an invariant mean 
for an amenable action on a compact space. 
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Definition 13. Let G be a countable group acting on a compact space X by homeomorphisms. A 
mean for the action is an element \i G Wo(G,X)** such that \i.[n) = ^. A mean \i is said to be 
invariant if ]x[g(p) = \x{(p) for every (p € Wo(G,X)*. 

We now state our first main result. 

Theorem A. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorjf topological space X. The action is amenable if and only if there exists an invariant mean for 
the action. 

Proof. Let G act amenably on X and consider the sequence provided by Definition [TT] Each 
satisfies ||f"^|| = 1 . We now view the functions as elements of the double dual Wo(G, X)**. By 
the weak-* compactness of the unit ball there is a convergent subnet f'^, and we define \i to be its 
weak-* limit. It is then easy to verify that |j, is a mean. Since 

|(f^-gf\(p)|< ||f^-gf^||v||(p|i 
and the right hand side tends to 0, we obtain \x.[<p] = ]x[g(p). 

Conversely, by Goldstine's theorem, (see, e.g., lUl Theorem 2.6.26]) as (j. € Wo(G,X)**, |j, is the 
weak-* limit of a bounded net of elements f'^ G Wo(G, X). We note that we can choose f'*' in such 
a way that 7T(f'^) = 1. Indeed, given f'^ with 7T(f'^) = Ca — > |J^(7t) = 1 we replace each f'^ by 

Since (1 — CA)5e — > in norm in Wo(G, X), (j, is the weak-* limit of the net f"^ + (1 — CA)&e as 
required. 

Since ]x is invariant, we have that for every g € G, gf'^ — > gii = \x, so that gf"^ — f"^ — > in the 
weak-* topology. However, for every g G G, gf"^ — £ Wo(G, X), and so the convergence is in 
fact in the weak topology on Wo(G, X). 

For every A, we regard the family (gf"^ — f'^lgec an element of the product Ogec ^o(G, X), 
noting that this sequence converges to in the Tychonoff weak topology. 

Now OgsG ^o(G, X) is a Frechet space in the Tychonoff norm topology, so by Mazur's theorem 
there exists a sequence of convex combinations of f'^ such that (gf^ — f"^)ggG converges to zero 
in the Frechet topology. Thus there exists a sequence of elements of Wo(G, X) such that for 
every g G G, ||gf^-f^|| ^ Oin Wo(G,X]. 

The result then follows from Remark[l2] □ 

4. Equivariant means on geometric modules 

Given an invariant mean (j. G Wo(G,X)** for the action of G on X and an £^ -geometric G-C(X) 
module £, we define a G -equivariant averaging operator |a.£ : £°°(G, £*) — > £* which we will also 
refer to as an equivariant mean for the action. 
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Ivll < 2||f II IItII ||v| 



To do so, following an idea from 131, we introduce a linear functional a^^v on Woo(G, X). Given a 
Banach space £ define £°°(G, £) to be the space of functions f : G — > £ such that supg^g ||f(g)||£ < 
oo. If G acts on £ then the action of the group G on the space £°°(G, £) is defined in an analogous 
way to the action of G on V, using the induced action of G on £ : 

(gT^)h = g('tg-iH), 

forT € £~(G,£) and g G G. 

Let us assume that £ is an £^ -geometric G-C(X) module, and let t € £°°(G, £*). Choose a vector 
V G £ and define a linear functional a^^v : Woo(G, X) — > M by 

(1) CT^,v(f) = (}^fhTh,v) 

hGG 

for every f G Woo(G, X). If we now use Lemma [TO] together with the support condition required 
of elements of Woo(G, X) then we have the estimate 

|o-T,v(f)l < II X^fh-^h 
h 

This estimate completes the proof of the following. 

Lemma 14. Let £ be an -geometric G-C(X) module. For every t G £°°(G, £*) and every v G £ 
the linear functional CTt.v on Woo(G,X) is continuous and so it extends to a continuous linear 
functional on Wo(G, X]. 

Lemma 15. The map £°°(G, £*] x £ — > Wo(G, X)* defined by (t, v) i— > CTt.v G-equivariant. 
Proof. 

o-gT,gv(f) = ^Xfhg('tg-iK),gv^ = ^g^(g"^ • "fhl^g-iH, gv^ 
= aT,v(g"^f] = (go-^,v)(f). 

□ 

Definition 16. Let £ be an -geometric G-C(X] module, and let \i. G Wo(G, X)** be an invariant 
mean for the action. We define |J.£ : £°°(G, £*) — > £* by 

for every £~(G,£*), andv G £. 

Lemma 17. Let £ be an -geometric G-C(X) module, and let \i G Wo(G,X)** be an invariant 
m,eanfor the action. 

(1) The map \ig defined above is G-equivariant. 
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If T is constant then 



(2) T/'t G £°°(G, £*) is constant then |X£(t) = Tg. 
Proof. 

= (M-£(T),g"^v) = (g • (|a£(T)),v). 

= (Nf)lx)Te,v) = (7t(f)Te,v) = (Te,v)7t(f). 

So CTt-^v = ('re,v)7t and 

(M-£(t),v) = |J.(0-T,v) = M.((Te,v)7t) = (Te,v), 

hence |J.£(t) = Tg. □ 



5. Amenable actions and bounded cohomology 



Let £ be a Banach space equipped with an isometric action by G. Then we consider a cochain 
complex Cj^(G, £*) which in degree m consists of G-equivariant bounded cochains cf) : G^+^ — ) 
£* with values in the Banach dual £* of £ which is equipped with the natural differential d as in 
the homogeneous bar resolution. Bounded cohomology with coefficients in £* will be denoted by 
H*(G,£*). 

Definition 18. Let G be a countable discrete group acting by homeomorphisms on a compact 
Hausdorff topological space X. The function 

J(gO,gi) = 5gi -5go 

is a bounded cochain of degree 1 with values in Noo(G,X), and in fact it is a bounded cocycle 
and so represents a class in H^(G,No(G,X)**, where we regard Noo(G,X) as a subspace of 
No(G, X)**. We call [J] the Johnson class of the action. 

Theorem B. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorff topological space X. Then the following are equivalent 

(1) The action ofGonX is topologically amenable. 

(2) The class [J] G HJ,(G,No(G,X)**) is trivial. 

(3) H^(G,£*) = 0/orp > 1 and every -geometric G-C(X) module £. 

Proof. We first show that O is equivalent to (O. The short exact sequence of G -modules 

^ No(G,X) ^ Wo(G,X) A M ^ 
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leads, by taking double duals, to the short exact sequence 

^ No(G,X)** ^ Wo(G,X)** -^R^O 

which in turn gives rise to a long exact sequence in bounded cohomology 

hO(G,No(G,X)**) ^ hO(G,Wo(G,X)**) ^ H°(G,M) ^ Hi(G, No(G,X)**) ^ ... 

The Johnson class [J] is the image of the class [1] E H^(G,M) under the connecting homomor- 
phismd: Hg(G,M) ^ (G, No(G, X]**), and so [J] = Oif andonly if d[l] = 0. By exactness of 
the cohomology sequence, this is equivalent to [1] G Im tt**, where tt** : H^(G, Wo(G, X)**) — > 
H^(G,M)isthe map on cohomology induced by the summation map tt. Since ( G , Wq ( G , X) ** ) = 
(Wo(G,X)**)'" and H^(G,M) = M we have that [J] = if and only if there exists an element 
]x € Wo(G, X)** such that \x = g]x and |j,(7t) = 1 . Thus \x is an invariant mean for the action and 
the equivalence with amenability of the action follows from Theorem A. 

We turn to the implication ([T|l implies ([3]l. Since G acts amenably on X there is, by Theorem A, an 
invariant mean \x associated with the action. For every h € G and for every equivariant bounded 
cochain cf) we define Sh,(p : G^' — > £* by Sh4)(go, . . . , Qp-i ) = (t)(g, goi • • • , Qp-i ); we note 
that for fixed h, Sh(^ is not equivariant in general. However, the map sk does satisfy the identity 
dsh + Shd = 1 for every h G G, and we will now construct an equivariant contracting homotopy, 
adapting an averaging procedure introduced in fJI. 

For 4) G C^(G,£*] let ^ : ^ £~(G,8*) be defined by $(g)(h) = Sh(t)(g), for g = 
(go,... gp-i). 

Note that for every k, h G G, 

$(kgo, . . . , kgp_i )(h.) = (t)(h, kgo, . . . , kgp_i ) = k(ct)(k"^h, go, ... , gp-i )) 
= k($(go,...,gp-i)(k"^h)) 
= (k($(go,...,gp-i)))(h) 

so$(kg) =k($(g]). 

We can now define a map s : C1'(G,£*) CP"^(G,£*): 

where |j.£ : £°°(G, £*) — > £* is the map defined in Lemma [TT] using the invariant mean Note 
that ||(J.£|| < 2|||a,||, and |ic{)(g)|| < sup{||(t)(k)|| | k G G^+^}. Hence scj) is bounded. 

For every cochain cf), k(s(j)) = s(k(l)) = s(j) since (() and (j.£ are equivariant. 

The map s provides a contracting homotopy for the complex C^(G,£*) which can be seen as 
follows. As (j.£ : £°°(G, £*) ^ £* is a linear operator it follows that for a given cf) G C^(G, £*), 
and a p + 1 -tuple of arguments k = (ko, . . . , kp), dscj) is obtained by applying the mean |a.£ to the 
map g i— > dSgCt)(k), while sdcj) is obtained by applying |j,£ to the function g i— ) Sgd(t)(k). Thus 

(sd+ ds)ct)(k) = ^£(g i-4 (dsg + Sgd)ct)(k)). 
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Given that dSg + Sgd = 1 for every g G G, for every g G G^+ the function g i— > (dSg + 
Sgd)4)(k) = 4)(k) € £* is constant, and so by Lemma [TTl 



(sd + ds)4)(k) = (dse + sed)ct)(k) = (^[k). 



Thus sd + ds = 1 , as required. 

Collecting these results together, we have proved that ([T]) implies Q- 

The fact that © implies ©, follows from the fact that No(G,X)* is an £^-geometric G-C(X)- 
module, proved in Lemma|7J 

□ 
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AMENABLE ACTIONS, INVARIANT MEANS AND BOUNDED COHOMOLOGY 

JACEK BRODZKI, GRAHAM A. NIBLO, PIOTR W. NOWAK, AND NICK WRIGHT 



Abstract. We show that topological amenability of an action of a countable discrete group on a 
compact space is equivalent to the existence of an invariant mean for the action. We prove also that 
this is equivalent to vanishing of bounded cohomology for a class of Banach G-modules associated 
to the action, as well as to vanishing of a specific cohomology class. In the case when the compact 
space is a point our result reduces to a classic theorem of B.E. Johnson characterising amenability 
of groups. In the case when the compact space is the Stone-Cech compactification of the group we 
obtain a cohomological characterisation of exactness for the group, answering a question of Higson. 



1. Introduction 

An invariant mean on a countable discrete group G is a positive linear functional on f °° ( G ) which 
is normalised by the requirement that it pairs with the constant function 1 to give 1 , and which is 
fixed by the natural action of G on the space £°°(G)*. A group is said to be amenable if it admits 
an invariant mean. The notion of an amenable action of a group on a topological space, studied 
by Anantharaman-Delaroche and Renault HI, generalises the concept of amenability, and arises 
naturally in many areas of mathematics. For example, a group acts amenably on a point if and only 
if it is amenable, while every hyperbolic group acts amenably on its Gromov boundary. 

In this paper we introduce the notion of an invariant mean for a topological action and prove that 
the existence of such a mean characterises amenability of the action. Moreover, we use the exis- 
tence of the mean to prove vanishing of bounded cohomology of G with coefficients in a suitable 
class of Banach G modules, and conversely we prove that vanishing of these cohomology groups 
characterises amenability of the action. This generalises the results of Johnson 161 on bounded 
cohomology for amenable groups. 



Another generalisation of amenability, this time for metric spaces, was given by Yu IITOll with 
the definition of property A. Higson and Roe ||7| proved a remarkable result that unifies the two 
approaches: A finitely generated discrete group G (regarded as a metric space) has Yu's property 
A if and only if the action of G on its Stone-Cech compactification (3 G is topologically amenable, 
and this is true if and only if G acts amenably on any compact space. Ozawa proved lH that such 
groups are exact, and indeed property A and exactness are equivalent for countable discrete groups 
equipped with a proper left-invariant metric. 



JB, GN and NW were partially supported by EPSRC grant EP/F03 1947/1. PN was partially supported by NSF grant 
DMS-0900874. 
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To generalise the concept of invaiiant mean to the context of a topological action, we introduce 
a Banach G-module Wo(G,X) which is an analogue of ^\G), encoding both the group and the 
space on which it acts. Taking the dual and double dual of this space we obtain analogues of l°°[G) 
and £°°(G)*. A mean for the action is an element ]x € Wo(G,X)** satisfying the normalisation 
condition ]x[n) = 1 , where the element 7t is a summation operator, coiTcsponding to the pairing of 
€^ (G) with the constant function 1 in £°°(G). A mean \x is said to be invariant if ]x[g ■ (p) = ]x[(p] 
for every cp G Wo(G,X)*, (Definition [l3]l. 

With these notions in place we give the following very natural characterisation of amenable ac- 
tions. 

Theorem A. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorjf topological space X. The action is amenable if and only if there exists an invariant mean for 
the action. 

We then turn to the question of a cohomological characterisation of amenable actions. Given an 
action of a countable discrete group G on a compact space X by homeomorphisms we introduce a 
submodule No(G, X) of Wo(G, X) associated to the action and which is analogous to the submod- 
ule i]^[G) of l^[G] consisting of all functions of sum 0. Indeed when X is a point these modules 
coincide. We also define a cohomology class [J] , called the Johnson class of the action, which lives 
in the first bounded cohomology group of G with coefficients in the module No(G, X)**. We have 
the following theorem. 

Theorem B. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorff topological space X. Then the following are equivalent 

(1) Tlie action ofG on X is topologically amenable. 

(2) The class [J] € HJ,(G, No(G, X)**) is trivial. 

(3) H^(G,£*) = 0/orp > 1 and every f -geometric G-C(X) module £. 

The definition of £^ -geometric G-C(X) module is given in Section ??. When X is a point our 
theorem reduces to Johnson's celebrated characterisation of amenability ||6l. As a corollary we 
also obtain a cohomological chai^acterisation of exactness for discrete groups, which answers a 
question of Higson, and which follows from our main result when X is the Stone-Cech compacti- 
fication |3G of the group G. In this case, C((3G) can be identified with £°°(G), and we obtain the 
following. 

Corollary. Let G be a countable discrete group. Then the following are equivalent. 

(1) The group G is exact; 

(2) The Johnson class [J] S HJ,(G,No(G, |3G)**) is trivial; 

(3) H^(G, £*) = forp > 1 and every f -geometric G-l°° [G)-module £. 
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This paper builds on the cohomological characterisation of property A developed in 131 and on the 
study of cohomological properties of exactness in Q. 

2. Geometric Banach modules 

Let C(X) denote the space of real-valued continuous functions on X. For a function f : G — > C(X) 
we shall denote by f g the continuous function on X obtained by evaluating f at g G G . We define 
the sup — norm of f to be 

||f||oo,l = SUp^ |fg(x)|, 

and denote by V the Banach space of all functions on G with values in C(X) that have finite norm. 
We introduce a Banach G -module associated to the action. 

Definition 1. Let Woo(G, X) be the subspace of\ consisting of all functions f : G — ) C(X) which 
have finite support and such that for some c G M, depending on f, ^ggc ~ '-^x. where ^x 
denotes the constant function 1 on X. The closure of this space in the sup —l^ -norm will be denoted 
Wo(G,X). 

Let 7r : Woo(G, X) — > Rbe definedby ^g^^ fg =7r(f)lx. The map 7t is continuous with respect to 
the sup —l^ norm and so extends to the closure Wq ( G , X) ; we denote its kernel by N o ( G , X) . 

In the case of X = (3G and C((3G) = £°°(G) the space Wo(G, |3G) was introduced in lH. For 
every g € G we define the function 5g £ Woo(G,X) by 5g(li) = 1x when g = h, and zero 
otherwise. 

The G-action on X gives an isometric action of G on C(X) in the usual way: for g € G and 
f G C(X), we have (g • f)(x) = f (g^^x). The group G also acts isometrically on the space V in a 
natural way: for g,h G G,f G V,x G X, we have (gf)h(x) = fg-iH(g^^'<^) = (g •fg-ih)('')- 

Since the summation map n is G-equi variant (we assume that the action of G on R is trivial) the 
action of G restricts to Woo(G, X) and so by continuity it restricts to Wo(G, X). We obtain a short 
exact sequence of G-vector spaces: 

^ No(G,X) ^ Wo(G,X) ^ M ^ 0. 

Definition 2. Let E, be a Banach space. We say that £ is a C[X] -module if it is equipped with a 
contractive unital representation of the Banach algebra C(X). 

IfX is a G-space then a C[X]-module £ is said to be a G-C[X)-module if the group G acts on £ 
by isometrics and the representation ofC[X) is G-equivariant. 

Note that the fact that we will only ever consider unital representations of C(X) means that there 
is no confusion between multiplying by a scalar or by the corresponding constant function. For 
instance, for f G Wo(G, X) multiplication by 7r(f) agrees with multiplication by 7t(f)lx. 
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Example 3. The space V is a G-C(X)-module. Indeed, for every f G V and t G C(X) we define 
tf G V by (tf)g(x) = t(x)fg(x), for all gGG. This action is well-defined as ||tf||^^ < 
ll^lloo ll^lloo 1' ^^^^ ^1^° implies that the representation of C(X) on V is contractive. As remarked 
above, the group G acts isometrically on V. The representation of C(X) is cleai^ly unital and also 
equivariant, since for every g G G, f G V and t G C(X) 

(g(tf))KW = (tf]g-,H(g-^x) = t{g-\]fg-^^[g-'x) = (g • t)(x)(gf)K(x) 

Thus we have g(tf) = (g • t)(gf). 

The equi variance of the summation map n implies that both Wo(G,X) and No(G,X) are G- 
invariant subspaces of V. Note however, that Wo(G, X) is not invariant under the action of C(X) 
defined above, as for f G Wo(G, X) and t G C(X) we have 

^(tf)g(x) = ^ t(x)fg(x) = t(x) Y_ fgW = ct(x). 

gGG gGG gGG 

However, the same calculation shows that the subspace Noo(G, X) is invariant under the action of 
C(X), and so is a G-C(X)-module, and hence so is its closureNo (G, X]. 

Let £ be a G-C(X)-module, let £* be the Banach dual of £ and let (— , — ) be the pairing between 
the two spaces. The induced actions of G and C(X) on £* are defined as follows. For a G £*, 
g G G, f G C(X), and V G £ we let 

(ga,v) = (a,g"^v), (fa,v) = (a,fv). 

Note that the action of C(X) is well-defined since C(X) is commutative, it is easy to check the 
following. 

Lemma 4. If £, is a G-C[X)module, then so is S,*. 

We will now introduce a geometric condition on Banach modules which will play the role of an 
orthogonality condition. To motivate the definition that follows, let us note that if fi and are 
functions with disjoint supports on a space X then (assuming that the relevant norms are finite) the 
sup-norm satisfies the identity ||fi + fiWoo = sup{||fi H^^, HfiHoo)' while for the £^-norm we have 

||fi + fiWo = + W'^iWo ■ 

Definitions. Let 8, be a Banach space and a C[X]-module. Wesaythatv-i and vz in 8, are disjointly 
supported if there exist f i , fi G C(X) with disjoint supports such that f]V-\ = V] and fzVj = V2. 

We say that the module £ is -geometric if whenever v-\ andvi have disjoint supports, ||vi + V2II = 

STJ-P{||V1 II, ||V2||}. 

We say that the module £ is -geometric if for every two disjointly supported Vi and vi in £ 

||V1 +V2II = ||V1 II + ||V2||. 

If vi and V2 are disjointly supported elements of £ and fi and f2 are as in the definition, then 
fiV2 = fif2V2 = 0, and similarly f2Vi = 0. 
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Note also that the functions f i and fx can be chosen to be of norm one in the supremum norm 
on C(X). To see this, note that Tietze's extension theorem allows one to construct continuous 
functions f | , f 2 on X which are of norm one, have disjoint supports and such that f ■' takes the value 
1 on Supp fi . Then f-'4)t = (f(fi)4)i = ft4)| = (pi. Now replace with f-'. 

Finally, if fi , G C(X) have disjoint supports then, again by Tietze's extension theorem, fiVi and 
f2V2 are disjointly supported for all Vi , V2 € £. 

Lemma 6.1/8- is an -geometric module then £,* is -geometric. 

IfE is an -geometric module then £* is -geometric. 

Proof. Let us assume that 4^1,4)2 G £* are disjointly supported and let fi,f2 € C(X) be as in 
Definition 121 chosen to be of norm 1 . 

If £ is £^ -geometric, then for every vector v G £, ||fiv|| + ||f2v|| = ||(fi + f2)v|| < ||v||. Further- 
more, 

||4'l+452i|= sup 1(4)1 + 4)2, V)| = sup |(fl45l,v) + (f24)2,v)| 
||v||=l ||v||=l 

= sup 1(4)1, fiv) + (4)2,f2V)| 

IMI=i 

< ^SUp (114)1 ||||fiv|| + ||4)2||||f2v||) 

< SUp{||4)l II, 114^211} sup (||fiv|| + ||f2v||) 

IMI=i 

<SUp{||4)l II, 114^211) 
Since f 1 4)2 = we have that 

Il4>l|| = l|fl(45l +*2)|| < ||fl 1111*1 +*2|| = 11*1 +45211- 

Similarly, we have 11*211 ^ II *i + *2||> and the two estimates together ensure that ||4)i + *2|| = 
sup{||4)i II, ||*2||} as required. 

For the second statement, let us assume that £ is £°°-geometric and that *i , *2 G £* are disjointly 
supported. Then 

||*l|| + ||*2|| = sup (*1,Vi) + (4)2,V2) 
l|vi|M|V2|h1 

= sup (*l,flVi) + (4)2,f2V2) 

11^1 II,I|V2||=1 

= sup (*1 +4'2,flVl +f2V2) 
l|vi|M|V2|hl 

< sup 11*1 + *2||||flVl + f2V2|| 
11^1 II,I|V2||=1 

< 11*1 +*2|| < 11*1 II + ||*2||. 

where the last inequality is just the triangle inequality, so the inequalities are equalities throughout 

and 114)1 II + ||*2|| = 11*1 + *2|| as required. □ 
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We have akeady established that No(G,X) is a G-C(X) -module. Let cj)^ and cj)^ be disjointly 
supported elements of No(G,X); this means that there exist disjointly supported functions fi and 
f2 in C(X) such that (p^ = fiCp^ for I = 1 , 2. Then 

11*^ +*'llool = ||fl*^ +f2*'|| =SUp>" |fi(x)4);(x)+f2W4)J(x)| 

We note that the two terms on the right are disjointly supported functions on X and so 

II*' +*'lloo,l =SUP f }^|fl(x)ct);(x)| + }^|f2(x)c|32g(x)| I = SUp( || || ^ ^ , || l^^i ) . 

VgeG gsG / 

Thus we obtain 

Lemma?. The module No{G,X) is -geometric. Hence the dual No[G,X]* is -geometric and 
the double dual No(G,X)** is l°°-geometric. 

We now assume that £ is an £^ -geometric C(X)-module, so that its dual £* is -geometric. 

Lemma 8. Let fi,f2 G C(X) be non-negative functions such that f i + f2 < Ix- Then for every 
4)1,4)2 e£* 

||fi4>i +f24)2|| < sup{||4)i II, ||4)2||}. 

Proof Let M G N and £ = 1 /M. For i = 1,2 define fi^o = minlfi,, e}, ftj = minlfi, — ft^o, £}, 
fi,2 = min{fi - fi,o - fi,i , £}, and so on, to fi,M-i ■ 

Then fi,j(x] = iff fi(x) < je, so ftj > iff fi(x) > je which implies that Suppftj C 
frl([je,'oo)). So for j > 2, Supp(fi,j) C f7i([je,oo)) and Suppf2,M+n ^ f-i([(M+l - 
j]e,oo)). 

If X e Supp(fij) n Supp(f2,M+i-j) then l>fi(x] + f2(x] > je + (M + 1 - j)e = 1 + e, so the 
two supports Supp(fi j),Supp(f2,M+i-j) are disjoint. 

We have that 

M-l 

fi =fi,o + fi,i + Y. ^'I'i 

j=2 
M-l 

h = f2,0 + f2,l + ^ f2,M+l-j- 
j=2 
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So using the fact that ||fi,jct)i + f2,M+i-j4>2|| < sup{||fi,j4)i ||, ||f2,M+i-j452||} < e sup^ llct^ill we 
have the following estimate: 

M 

||flCt)i +f2Ct)2|| < ||(fl,0+fl,l)4)l|| + IKf2,0+f2,l)ct)2|| + Xl|fl,j4)i +f2,M+n4)2|| 

j=2 

M-1 

< 4esup + ^ esup ||4)i|| 
= (4£ + (M-2)£)sup||4)i|| 

i 

= (1 +2£)sup||4)i||. 

i 

□ 

Lemma9. Leth,...Ju G C(X), A > 0, Xa=) ft < 1x, 4)i,...,cf)N G £*■ 
Then ||Ltfi4)i|| < supi^^ ^^^ 

Proof. We proceed by induction. Assume that the statement is true for some N. Then let fo, f i , . . . , fw G 
C(X), ft > 0, Zt, A < Ix, and let <i>oA^, ■ ■ ■ An £*■ 

Let f { = fo + f 1 and leave the other functions unchanged. For 6 > let 



Since we clearly have 



fo + f 1 + 6 fo + f 1 + 6 
by the previous lemma we have that 5II < sup{||4)o||, ||4)i ||}, and so by induction 

||fl'*l',6 + fl*! + • • • + fNC^Nll < SUp{||(l)i'^5||, 114)211, ||4)N ||} < SUp \\<Pi\\. 

i=0,...,N 

Consider now 

^^1'^ fo + fi+6^°^°^^^^ fo + fi+6^° fo + fi+5^^ 
We note that for t = 0, 1 

^. _ (fo + fi)fi ^ 5ft ^ ^ 
' fo + f 1 + 5 fo + f 1 + 5 - 

and so ^f°^^^^^ converges to f^ uniformly on X, as 5 — > 0, which implies that f j4)i' § converges to 
fo4)o + fi 4)1 in norm, and the lemma follows. □ 
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Lemma 10. Iff] , . . . , fN € C(X) (we do not assume that fi > Oj are such that l^il ^ Ix and 
4)1 , ... , (j^N S £* then 



l^fic^ill < 2^ sup ||4)i| 



i=l 



Proof. If A = - fr, then |fd = f + + f r and L + L < 1 ■ 
Then by the previous lemma fi^4'i|| < sup^^^ ^ so 

f,+ct)i- )~ frct)i|| <2 sup ||ct)i| 

1=1,... ,N 



□ 



3. Amenable actions and invariant means 

In this section we will recall the definition of a topologically amenable action and characterise it in 
terms of the existence of a certain averaging operator. For our purposes the following definition, 
adapted from lH Definition 4.3.1] is convenient. 

Definition 11. The action ofGonX is amenable if and only if there exists a sequence of elements 
f^ G Woo(G, X) such that 

(1) fg > in C[X)for every n eN and g£G, 

(2) 7x[f^) = 1 for every n, 

(3) for each g e G we have ||f"^ — gf"^||v 0- 

Note that when X is a point the above conditions reduce to the definition of amenability of G. On 
the other hand, if X = |3G, the Stone-Cech compactification of G then amenability of the natural 
action of G on X is equivalent to Yu's property A by a result of Higson and Roe Q. 

Remark 12. In the above definition we may omit condition 1 at no cost, since given a sequence of 
functions satisfying conditions 2 and 3 we can make them positive by replacing each fg (x) by 

If^(x)| 



L [fi;(x)i 

heG 



Conditions 1 and 2 are now clear, while condition 3 follows from standard estimates (see e.g. lH 
Lemma 4.9]). 



The first definition of amenability of a group G given by von Neumann was in terms of the existence 
of an invariant mean on the group. The following definition gives a version of an invariant mean 
for an amenable action on a compact space. 
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Definition 13. Let G be a countable group acting on a compact space X by homeomorphisms. A 
mean for the action is an element \i G Wo(G,X)** such that \i.[n) = ^. A mean \i is said to be 
invariant if ]x[g(p) = \x{(p) for every (p € Wo(G,X)*. 

We now state our first main result. 

Theorem A. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorjf topological space X. The action is amenable if and only if there exists an invariant mean for 
the action. 

Proof. Let G act amenably on X and consider the sequence provided by Definition [TT] Each 
satisfies ||f"^|| = 1 . We now view the functions as elements of the double dual Wo(G, X)**. By 
the weak-* compactness of the unit ball there is a convergent subnet f'^, and we define \i to be its 
weak-* limit. It is then easy to verify that |j, is a mean. Since 

|(f^-gf\(p)|< ||f^-gf^||v||(p|i 
and the right hand side tends to 0, we obtain \x.[<p] = ]x[g(p). 

Conversely, by Goldstine's theorem, (see, e.g., lUl Theorem 2.6.26]) as (j. € Wo(G,X)**, |j, is the 
weak-* limit of a bounded net of elements f'^ G Wo(G, X). We note that we can choose f'*' in such 
a way that 7T(f'^) = 1. Indeed, given f'^ with 7T(f'^) = Ca — > |J^(7t) = 1 we replace each f'^ by 

Since (1 — CA)5e — > in norm in Wo(G, X), (j, is the weak-* limit of the net f"^ + (1 — CA)&e as 
required. 

Since ]x is invariant, we have that for every g € G, gf'^ — > gii = \x, so that gf"^ — f"^ — > in the 
weak-* topology. However, for every g G G, gf"^ — £ Wo(G, X), and so the convergence is in 
fact in the weak topology on Wo(G, X). 

For every A, we regard the family (gf"^ — f'^lgec an element of the product Ogec ^o(G, X), 
noting that this sequence converges to in the Tychonoff weak topology. 

Now OgsG ^o(G, X) is a Frechet space in the Tychonoff norm topology, so by Mazur's theorem 
there exists a sequence of convex combinations of f'^ such that (gf^ — f"^)ggG converges to zero 
in the Frechet topology. Thus there exists a sequence of elements of Wo(G, X) such that for 
every g G G, ||gf^-f^|| ^ Oin Wo(G,X]. 

The result then follows from Remark[l2] □ 

4. Equivariant means on geometric modules 

Given an invariant mean (j. G Wo(G,X)** for the action of G on X and an £^ -geometric G-C(X) 
module £, we define a G -equivariant averaging operator |a.£ : £°°(G, £*) — > £* which we will also 
refer to as an equivariant mean for the action. 
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Ivll < 2||f II IItII ||v| 



To do so, following an idea from 131, we introduce a linear functional a^^v on Woo(G, X). Given a 
Banach space £ define £°°(G, £) to be the space of functions f : G — > £ such that supg^g ||f(g)||£ < 
oo. If G acts on £ then the action of the group G on the space £°°(G, £) is defined in an analogous 
way to the action of G on V, using the induced action of G on £ : 

(gT^)h = g('tg-iH), 

forT € £~(G,£) and g G G. 

Let us assume that £ is an £^ -geometric G-C(X) module, and let t € £°°(G, £*). Choose a vector 
V G £ and define a linear functional a^^v : Woo(G, X) — > M by 

(1) CT^,v(f) = (}^fhTh,v) 

hGG 

for every f G Woo(G, X). If we now use Lemma [TO] together with the support condition required 
of elements of Woo(G, X) then we have the estimate 

|o-T,v(f)l < II X^fh-^h 
h 

This estimate completes the proof of the following. 

Lemma 14. Let £ be an -geometric G-C(X) module. For every t G £°°(G, £*) and every v G £ 
the linear functional CTt.v on Woo(G,X) is continuous and so it extends to a continuous linear 
functional on Wo(G, X]. 

Lemma 15. The map £°°(G, £*] x £ — > Wo(G, X)* defined by (t, v) i— > CTt.v G-equivariant. 
Proof. 

o-gT,gv(f) = ^Xfhg('tg-iK),gv^ = ^g^(g"^ • "fhl^g-iH, gv^ 
= aT,v(g"^f] = (go-^,v)(f). 

□ 

Definition 16. Let £ be an -geometric G-C(X] module, and let \i. G Wo(G, X)** be an invariant 
mean for the action. We define |J.£ : £°°(G, £*) — > £* by 

for every £~(G,£*), andv G £. 

Lemma 17. Let £ be an -geometric G-C(X) module, and let \i G Wo(G,X)** be an invariant 
m,eanfor the action. 

(1) The map \ig defined above is G-equivariant. 
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If T is constant then 



(2) T/'t G £°°(G, £*) is constant then |X£(t) = Tg. 
Proof. 

= (M-£(T),g"^v) = (g • (|a£(T)),v). 

= (Nf)lx)Te,v) = (7t(f)Te,v) = (Te,v)7t(f). 

So CTt-^v = ('re,v)7t and 

(M-£(t),v) = |J.(0-T,v) = M.((Te,v)7t) = (Te,v), 

hence |J.£(t) = Tg. □ 



5. Amenable actions and bounded cohomology 



Let £ be a Banach space equipped with an isometric action by G. Then we consider a cochain 
complex Cj^(G, £*) which in degree m consists of G-equivariant bounded cochains cf) : G^+^ — ) 
£* with values in the Banach dual £* of £ which is equipped with the natural differential d as in 
the homogeneous bar resolution. Bounded cohomology with coefficients in £* will be denoted by 
H*(G,£*). 

Definition 18. Let G be a countable discrete group acting by homeomorphisms on a compact 
Hausdorff topological space X. The function 

J(gO,gi) = 5gi -5go 

is a bounded cochain of degree 1 with values in Noo(G,X), and in fact it is a bounded cocycle 
and so represents a class in H^(G,No(G,X)**, where we regard Noo(G,X) as a subspace of 
No(G, X)**. We call [J] the Johnson class of the action. 

Theorem B. Let G be a countable discrete group acting by homeomorphisms on a compact Haus- 
dorff topological space X. Then the following are equivalent 

(1) The action ofGonX is topologically amenable. 

(2) The class [J] G HJ,(G,No(G,X)**) is trivial. 

(3) H^(G,£*) = 0/orp > 1 and every -geometric G-C(X) module £. 

Proof. We first show that O is equivalent to (O. The short exact sequence of G -modules 

^ No(G,X) ^ Wo(G,X) A M ^ 
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leads, by taking double duals, to the short exact sequence 

^ No(G,X)** ^ Wo(G,X)** -^R^O 

which in turn gives rise to a long exact sequence in bounded cohomology 

hO(G,No(G,X)**) ^ hO(G,Wo(G,X)**) ^ H°(G,M) ^ Hi(G, No(G,X)**) ^ ... 

The Johnson class [J] is the image of the class [1] E H^(G,M) under the connecting homomor- 
phismd: Hg(G,M) ^ (G, No(G, X]**), and so [J] = Oif andonly if d[l] = 0. By exactness of 
the cohomology sequence, this is equivalent to [1] G Im tt**, where tt** : H^(G, Wo(G, X)**) — > 
H^(G,M)isthe map on cohomology induced by the summation map tt. Since ( G , Wq ( G , X) ** ) = 
(Wo(G,X)**)'" and H^(G,M) = M we have that [J] = if and only if there exists an element 
]x € Wo(G, X)** such that \x = g]x and |j,(7t) = 1 . Thus \x is an invariant mean for the action and 
the equivalence with amenability of the action follows from Theorem A. 

We turn to the implication ([T|l implies ([3]l. Since G acts amenably on X there is, by Theorem A, an 
invariant mean \x associated with the action. For every h € G and for every equivariant bounded 
cochain cf) we define Sh,(p : G^' — > £* by Sh4)(go, . . . , Qp-i ) = (t)(g, goi • • • , Qp-i ); we note 
that for fixed h, Sh(^ is not equivariant in general. However, the map sk does satisfy the identity 
dsh + Shd = 1 for every h G G, and we will now construct an equivariant contracting homotopy, 
adapting an averaging procedure introduced in fJI. 

For 4) G C^(G,£*] let ^ : ^ £~(G,8*) be defined by $(g)(h) = Sh(t)(g), for g = 
(go,... gp-i). 

Note that for every k, h G G, 

$(kgo, . . . , kgp_i )(h.) = (t)(h, kgo, . . . , kgp_i ) = k(ct)(k"^h, go, ... , gp-i )) 
= k($(go,...,gp-i)(k"^h)) 
= (k($(go,...,gp-i)))(h) 

so$(kg) =k($(g]). 

We can now define a map s : C1'(G,£*) CP"^(G,£*): 

where |j.£ : £°°(G, £*) — > £* is the map defined in Lemma [TT] using the invariant mean Note 
that ||(J.£|| < 2|||a,||, and |ic{)(g)|| < sup{||(t)(k)|| | k G G^+^}. Hence scj) is bounded. 

For every cochain cf), k(s(j)) = s(k(l)) = s(j) since (() and (j.£ are equivariant. 

The map s provides a contracting homotopy for the complex C^(G,£*) which can be seen as 
follows. As (j.£ : £°°(G, £*) ^ £* is a linear operator it follows that for a given cf) G C^(G, £*), 
and a p + 1 -tuple of arguments k = (ko, . . . , kp), dscj) is obtained by applying the mean |a.£ to the 
map g i— > dSgCt)(k), while sdcj) is obtained by applying |j,£ to the function g i— ) Sgd(t)(k). Thus 

(sd+ ds)ct)(k) = ^£(g i-4 (dsg + Sgd)ct)(k)). 
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Given that dSg + Sgd = 1 for every g G G, for every g G G^+ the function g i— > (dSg + 
Sgd)4)(k) = 4)(k) € £* is constant, and so by Lemma [TTl 



(sd + ds)4)(k) = (dse + sed)ct)(k) = (^[k). 



Thus sd + ds = 1 , as required. 

Collecting these results together, we have proved that ([T]) implies Q- 

The fact that © implies ©, follows from the fact that No(G,X)* is an £^-geometric G-C(X)- 
module, proved in Lemma|7J 

□ 
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